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Let X be a Banach space, ¥ a closed subspace of X, F a bounded subset of
X. Letrady(F) = infyep supeer || x — y ||, centy(F) = { y € V; supger || x — yll=
rad,(F)}. Elements of cent,(F) are called best simultaneous approximations
to F by elements of V. The problem of the existence, characterization and
unicity of such best simultaneous approximations has been recently studied
by many authors (see e.g. [11, 12, 13]).

The purpose of this paper is to show that in certain subspaces V' of a given
Banach space X a best simultaneous approximation exists for every bounded
set FC X. By a simple compactness argument it may be shown that every
finite-dimensional subspace of an arbitrary Banach space and every w*-closed
subspace of a dual space have this property. In Section 1 we prove that every
Weierstrass-Stone subspace of C(S, X), the space of all continuous X-valued
functions x on a compact Hausdorff space S equipped with the norm || x i} =
SUPses | X(2)], where | - | is the norm of X, has this property, if X is a uniformly
convex Banach space or a space C,. This generalises a result of Olech [9]
who showed that such subspaces are proximinal, if X is uniformly convex.
In Section 2 we show that cent,(F) # @, if V' is an M-ideal in a Lindenstrauss
space and Fis a compact set. If V is an M-summand in an arbitrary Banach
space X admitting Chebyshev centers, then the same is true for every bounded
set F C X. In Section 3, finally, we show that cent,(F) #% ¢ for every bounded
set F C B(S), the space of all real-valued bounded functions on a set S and
every closed subalgebra V of B(S).

Let x € X, X a Banach space, r > 0. We denote by B(x, r) the closed ball
of X with center x and radius r. A space C, is the space of all real-valued
continuous functions x on a compact Hausdorff space S with the property
x(t) = —x(a(t)) for all ¢ € S, where o is an involutory homeomorphism of .S
onto itself. A Lindenstrauss space is a Banach space whose dual is a space
L,(p) for some measure u. All Banach spaces in this paper are real.
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1. BEST SIMULTANEOUS APPROXIMATION BY
WEIERSTRASS-STONE SUBSPACES

Let S be a compact Hausdorff space, X a Banach space. A subspace ¥ of
C(S, X) is said to be a Weierstrass-Stone subspace, if there is a compact
Hausdorff space T and a continuous surjection : S — 7 such that V =
{fe(S,X);f=go- for some geC(T,X)}. Mazur (unpublished, see
e.g. [15, Proposition 7.5.6]), Olech [9] and Blatter [3] have proved that such
subspaces are proximinal if X = R, X is uniformly convex, and X is a
Lindenstrauss space, respectively. In this section we show that if V' is a
Weierstrass-Stone subspace of C(S, X) and X is uniformly convex or a space
C,, then there exists a best simultaneous approximation in V for every
bounded set F C C(S, X).

Let B(x,r -+ 8), B(y,r + 8),0 < 8 < 8,r > 0,xe X, y€ X be two balls
in a Banach space X. The following lemma says that, for certain Banach
spaces X, it is possible to “move’ the center y of the second ball arbitrarily
“close™ to the center of the first ball x without decreasing the intersection
B(x, r + 0) N B(y, r + 8), if 8 is “small” enough. This idea is a modification
of that used in Proposition 2 {9].

LEmMMA 1.1. Let X be a uniformly convex Banach space or a space C, .
Let r > 0. Then for every € > 0 there is a 8(¢), 0 < 8(¢) < € such that for
every x, y € X there exists an z, , € B(x, €) with the property

B(z,,, v +0)DB(x,r+ ()N B(y,r+ 0
Sor every 8 with 0 << 8 << 8(e).

Proof. For the case X uniformly convex, a similar argument has been
used to prove Lemma 2.1 of [16]. Therefore we omit the proof here.

Let X be a space C, . For given € > 0 put 6(¢) = €. For given x, ye X it
may be easily verified that the function

Zo(t) = X(1) € if (1) = x(t) + e,
= y(?) if [ x(t) —y(@)] <e
=x(t)— ¢ if ) < x(r) — €

has the required property.

Remark. 1t seems not to be easy to decide whether concrete Banach
spaces have or have not the property established by Lemma 1.1 for uniformly
convex Banach spaces and the spaces C,. In particular we do not know
whether the spaces L,(u) have this property. Since the proof of our Theorem
1.4 depends only on this property, for a Banach space X an affirmative
answer to this question would imply that for every Weierstrass—Stone sub-
space ¥ of C(S, X) and every bounded set F C (S, X) we have cent,(F) # &.
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The next proposition gives an example of a Banach space where the
conclusion of Lemma 1.1 does not hold.

ProposiTiON 1.2, Let t;, = 1/2k, s, = 1/2k + 1), k€ N. Let X be the
subspace of C[0, 1] consisting of all functions f which satisfy the relations
f(si) = (1/k) f(ty), k€ N. Let x = 0. Then for every ne N, n > 3, there is a
V. Such that for every ze B(x,1/10) there is a z,€B(x,1+ 1/m) N
B(y,,1+ 1/2n)\B(z, 1 + 1/2n).

Proof. Givenne N, rn > 3, we define y, to be 2 in the points ¢, and ¢, ,
0 in the intervals [0, tn+2] [s._1, 1], and linear in the intervals [¢,.4, Sa11],
[$ns1 5 tnsad [tnsa > Snb I8n , o} and £, , 5,;] Let z € B(x, 1/10). Then there is
an interval (i, , u,) C [t,,, , #,] containing the point s, such that z(f) < 1/5»
for every t € (u, , u;). Consequently, every y € B(z, 1 + 1/2n) fulfils y(¢) <
1 + 7/10n for every t € (uy, u,). We find now points v, , v, € R such that
(0,09 &y, U), Sn€(01,05), Yulvy) <14 1/n, i = 1,2 (this is possible,
since y,(s,) << 1 + 1/n). Let z, be 1 4 1/n in the intervals [, , 4], [vs, £,),
0 in the intervals [0, #,.,], [s,—1 , 1], and linear in [#,,5, Sp1a) [Sne1s Znrids
[01, 5,), [5a, ¥2), and [z, , 5.4} It is easy to check that z, € B(x, 1 + 1/m) N
B(yn,1 -+ 1/2n). Since z,(t) = 1 + 1/n > 1 + 7/10n for every t e (u, , uy)\
(v1 5 vg), 2z, cannot be in B(z, 1/10). This completes the proof.

Consider a bounded set FC C(S, X). For every te T denote by #(¢) a
neighborhood base of ¢. For every U € #(z) define a set F;;, C X by

Fy = {xe X; x = f(s) for some fe€F, some t' € U and some s € p~1(t')}.
Put ry = rady(Fy). For every t € T{ry}vesw is a decreasing net of numbers.

Put #(t) = limy ry , rp = SUpger #(2).
The next lemma gives a lower bound for rad,(F).

LemMMA 1.3. Let X be a Banach space, V a Weierstrass—Stone subspace of
C(S, X). Then for every bounded set F C C(S, X) we have rad(F) = rr .

Proof. Assume the contrary. Thenthereisage V,at,e Tandane, > 0
such that for every s € S and every f € F we have

Nf(s) — g < rlty) — €.
Choose an s; € ¢4z,). There is a neighborhood U of ¢, such that
| g(s) — g(sll < €f2 for every s € p(U). Hence
r(ty) <ry =supsup sup | f(s) — g(s)l

feF teU gep—l(y)

< supsup sup | f(s) — g(s)l

feF tel geu—l(t)
+ sup sup i g(s) — g(s)ll < r(fy) — /2,
telU se@1(8)
a contradiction.
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Now, we prove the main theorem of this section.

THEOREM 1.4. Let X be a uniformly convex Banach space or a space C, .
Let V be a Weierstrass—Stone subspace of C(S, X), F C C(S, X) a bounded set.
Then there exists a g, € centy(F).

Proof. Define a set-valued mapping @: T — 2X by
D(t) = {x € X; for any € > O there is a U € #(¢t) with F; C B(x, ry + €)}.

If hy is a continuous selection of @, then the function g, = A, o ¢ is obviously
the required best simultaneous approximation. We show that the assumptions
of Michael’s well-known selection theorem are fulfilled.

Let 1€ T. The set D(¢) is obviously closed and convex. We show that
D(t) # . Take 8(1/2) from Lemma 1.1. There exists a neighborhood U;
of ¢ with rady(Fy ) < rr + 8(1/2). Consequently, there is a point x, € X
such that Fy; C B(x, , ry + 8(1/2)). Now, take 5(1/4) from Lemma 1.1 such
that 8(1/4) < 8(1/2). There exists a neighborhood U, C U; of ¢ and a point
»1€ X such that Fyy C B(y,, rs + 8(1/4)). It follows from Lemma 1.1 that
there is a point x,€ B(x;,1/2) such that Fy CB(x;,rs + 8(1/2)) N
B(y,, rr + 3(1/4) C B(x, , rr + 8(1/4)). Continuing this construction induc-
tively, we produce a sequence {x,} C X, a decreasing sequence of positive
numbers 8(1/2") and a sequence {U,,} of neighborhoods of ¢ with the proper-
ties: X,y € B(xy, 1/27), Fy C B(x,, rp + 8(1/27), n € N, and lim §(1/2") = 0.
The sequence {x,} being a Cauchy sequence, we denote its limit by x,.
Obviously x, € D(¢).

We complete the proof by showing that & is lower semicontinuous. Let
toc{t; D(t) N G # o} for any open set G C X. Then there is a point x€ X
and a number ¢ > 0 such that x € ®(s,) and B(x, ¢) C G. Take 8(¢) from
Lemma 1.1. There exists a neighborhood U; of #, with Fy; C B(x, ry + 8(e)).
We show that U, C{t; D) N G # @}. Let se Uy, y € O(s). By Lemma 1.1
there exists a point z, , € B(x, €) C G with the property B(x, ry + 8(e)) N
B(y,rr + 0)CB(z,,,, rr + 8) for every 8 with 0 < § << 8(¢). It is easy to
see that z, , € D(s). Indeed, given 6 with 0 < 6 < §(e), there is a neigh-
borhood U, of s such that U, C U, and Fy, C B(y, rs + 6). Since F, v, C Fy, ,
we have Fy C B(x, rr + 8(€)) N B(y, rr + 0) C B(zy, , rr + 0).

2. BEST SIMULTANEOUS APPROXIMATION BY AM-IDEALS

In this section we establish two theorems on the existence of the best
simultaneous approximation in M-ideals. The concept of an M-ideal has
been introduced and studied in the important paper [1] of Alfsen and Effros.
A closed subspace ¥ of a Banach space X is said to be an M-ideal, if there is a
projection P on the dual X* of X onto M<, the annihilator of M, with the
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property {ju il = || Pull 4 || u — Pu|| for every u € X*. For further investi-
gations on M-ideals see also [2, 5, 6, 8]. A special case of an M-ideal is an
M-summand which is the range of an M-projection P, i.e., a projection with
the property || x|l == Max(|| Px||,|| x — Px|) for every xe X. A Banach
space X is said to admit Chebyshev centers if centy(F) = 2 for every
bounded set FC X.

In the following lemma a property of M-ideals in Lindenstrauss spaces is
established.

LemMma 2.1. Let X be a Lindenstrauss space, VCX an M-ideal,
KCX a compact set, r > 0. Let B(x,r)NV * & for every xe K. Let
Neex B(x, 1) = @. Then Neex B, NNV £ &.

Proof. Forevery ne N let K,, C K be a finite 1/n-net such that K, C K, .
By Theorem 2.17 and Proposition 6.5 of [8] and Theorem 5.8 of [1] there is a
Y1 € Neex, B(x, r) m V. Now, assume that for an ne N the points y, €
ﬂmK B(x r N ﬂ, 1 B(y;, 1//)yn ¥V, (we make use of the convention
{\M B( ¥;, 1/j) = X here), i = 1,..., n, have already been constructed. Then
v, €B(x,r + 1/i)fori = 1,..,n and every x € K. This implies that the balls
B(y;, /i), i = 1,...,n, B(x,r), x € K, pairwise intersect. By a well-known
theoem of Lindenstrauss (cf., e.g., [7], Sect. 21, Theorem 6) we have
Naex,,, Blx, 1) N ;-1 B(y; , 1/j) # . Again by Theorem 2.17 and Propo-
sition 6.5 of [8] and Theorem 5.8 of [1] there is a point y,,; € Neex, , B(x,r) N
Nt B(y;,1/j) N V. Then y,,, € B(x, r + 1/(n -+ 1)) for every x ¢ K. In this
way we construct a sequence {y,} of points of ' with the properties:
Vn € B(x, r + 1/n) for every x € K and every n€ N, y,, € B(y, , 1/n) for every
m,ne N with m > n. It is easy to show that {y,} is a Cauchy sequence.
Indeed, given € > 0 choose n,e N such that 1/n, << /2. Then, for any
n,me N Withn,m >nowehave|}yn ‘_ymH <”y'n _yno H + “yno ‘_ym\‘ <
2/n, < e.Puty =1limy,. Then ye V N ok B(x, r).

THEOREM 2.2. Let X be a Lindenstrauss space, V C X an M-ideal, FC X
a compact set. Then there exists a y, € cent,(F).

Proof. We obviously have centy(F) = (Nnen Neer B(x, radx(F) + 1/n).
Since the balls B(x, rad(F) -+ 1/n), x € F, n € N, pairwise intersect, it follows
from the already mentioned theorem of Lindenstrauss [7, Sect. 21, Theorem 6]
that centy(F) == . Put ¥ = Max(radx(F), sup.er dist(x, V). Then obviously
rad,(F) > r. Since the set (\,.r B(x, r) contains centy(F) it is nonempty.
Since V is proximinal [5], we have B(x,r) NV # @ for every xeF. The
assertion follows then from Lemma 2.1.

For M-summands we prove the following.

THEOREM 2.3. Let X be a Banach space admitting centers, VC X an
M-summand, F C X a bounded set. Then cent,(F) # .
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Proof. Let P be an M-projection onto V. We obviously have rad,(F) =
Max(rad,(PF), sup.erll x — Px|). i sup,rll x — Px|| > rad,(PF), every
Vo€ V With supger|l Px — ¥y || < supserll x — Px || belongs to centy(F). If
SUP.er || X — Px|| < rad, (PF), take any y, € centy(F). It is easy to see that
Py, € cent (F).

3. BEST SIMULTANEOUS APPROXIMATION BY CLOSED SUBALGEBRAS

In [11] Smith and Ward proved that cent,(F) = ¢ for every closed
subalgebra V of C(T), the space of all continuous real-valued functions on a
compact Hausdorff space 7 and every bounded set FC C(T). It follows
from their result that the same is true for every closed subalgebra V of B(S)
and every bounded set FC B(S), where § is an arbitrary set and B(S) the
space of all real-valued bounded functions on § equipped with the norm of
uniform convergence when considering the space C(BS), where BS is the
Stone-Cech compactification of S equipped with the discrete topology. The
space C(BS) is obviously linearly isometric and algebraically isomorphic to
B(S).

In this section we give another proof of this fact using a modification of a
technique due to Blatter and Seever [4].

Let S be a set, V' a subalgebra of B(S). Define a set W by W = {x € B(S);
x(t) = y(t) + « for all 1€ S, some ye V and « € R}. Clearly W is a closed
lattice cone, i.e., a convex cone in B(S), containing the constant functions
and closed both in the topology of B(S) and under lattice operations. W
defines a binary relation & on 2%, called quasi-proximity: 48 B iff there does
not exist an x € W such that x, < x < yx», Where x4 and yy,p are the
characteristic functions of 4 and X\B, respectively. It follows from the
Interposition theorem 2.2 and the Characterization theorem 2.3 [4] that if for
some X,y € B(S) and every r, s€ R with r < s we have {¢; x(¢) > s} non
8{t; y(t) < r},thenthereisaze Wwith x <z < y.

THEOREM 3.1. Let S be an arbitrary set, V a subalgebra of B(S), F C B(S)
a bounded set. Then cent,(F) # .

Proof. Let R={teS;x(t) =0 for all xeV}. Clearly V = {xe W,
x(t) =0 for all re R}. We first prove that rad,(F) = ¢, where ¢ =
Max(a, , a, , a;) with

a; = sup (1/2)(inf sup x(z) — sup inf x(z)),
ASBB ted xefF teB xeF

a, = sup inf sup x(¢),
ASR te A gzeF

a; = sup (—sup inf x(¢)).
R&B teB xeF
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For fixed y € V denote d(y) = supeer |l ¥ — ¥ |. We have x(¢t) — y(t) < d(y)
for all x € F and all ¢ € S which implies

sup x(t)—y@) <d(y), teS. (3.2

Similarly we have
y) —inf x(t) <d(y), teS. (3.3)

Let ASB. Then, by Proposition 4.1 of [4], (3.2) and (3.3), we have
inf sup x(¢t) — d(y) < inf y(¢) < sup y(¢) < sup inf x(t) + d(»).
ted ieB teB xeF

ted zeF
It follows a, < d(y).
Let ASR. Proposition 4.1 of {4} and (3.2) imply
inf sup x(¢) — d(y) < inf y(1) < sup y(¢t) = 0.
ted wxeF ted teR
Thus a, < d(¥).
Similarly one obtains a; < d(y). y € V being arbitrary, we have rad,(F) =
int,ep d(y) = c.
Now, we show that there exists a y, € V with d(y,) < rad,(F). Put

sup x(¢) — ¢, teS\R,

(t) zefF
u =
0, teR,
55 x(@) + ¢, te S\R,
v(t) =
0 teR.

s

In a way similar to that used in the proof of Theorem 6.2 of [4] it may be
shown that for all r, s € R with r < s we have {t € S; u(t) > s} non 8{t € S;
v(t) < r}. So there is, by Theorems 2.2 and 2.3 of [4], a y, € W such that
u < yp, < v which is equivalent to y,€ V and d(y,) < c.
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